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Let A and B be two sets of ends of an infinite graph, having the property that 
every element of A (resp. of B) can be separated from B (resp. from A) by a linite 
set of vertices. By defining appropriate concepts of AB-paths and of AB-separators, 
we show that there are a set of pairwise disjoint AB-paths and an AB-separator, 
which have the same cardinality. c 1991 Academic Press. Inc. 
Three successive extensions of Menger’s theorem to infinite graphs 
admitting some of their ends as ideal points, have already been given. For 
locally finite graphs this has been done, first by Zelinka [S] who 
considered as new points only the free ends (that is, those ends which can 
be separated from all the others by finite sets of vertices); and then by 
Halin [3] who considered all the ends as new points. Finally in [S] we 
extend these results to arbitrary graphs using as ideal points all the ends, 
and actually many more elements too. 
In this last result it was necessary, for two subsets A and B of ends of 
a graph, to define an appropriate concept of AB-paths. This being done, we 
were able to prove that if A and B can be separated by a finite set S of 
vertices-that is, if S meets any double ray (two-way infinite path) which 
is the union of a ray (one-way infinite path) belonging to an end in A, and 
a ray belonging to an end in B-then the minimum number of vertices 
which separate A from B is equal to the maximum number of pairwise 
disjoint AB-paths. 
This result, as well as Zelinka’s and Halin’s, has the disadvantage to hold 
only for subsets of ends which admit finite separators. Thus it seems quite 
reasonable to try to extend it by removing this restriction. But this cannot 
be done without risk, since an infinite set of vertices can contain all the 
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vertices of a ray, or can separate two rays belonging to the same end, and 
then can split or even destroy an end. In this paper we show that this risk 
can be avoided for those sets A and B of ends having the property that any 
element of A (resp. of B) can be separated from B (resp. from A) by a finite 
set of vertices. Then, by defining a concept of AB-paths in a way slightly 
different from that given in [S], and in fact a more natural one, we prove 
an infinite version of the result of [S]. 
0. PRELIMINARIES 
0.1. If X is a set, we denote by 1x1 its cardinality, and by P(X) 
its power set. Furthermore, if n is a cardinal we set [Xl” := 
{A E P(X): 1 A 1 = n }. The sets [X] <’ and [X] an are defined similarly. 
0.2. A graph G is a set V(G) (uertex set) together with a set 
E(G)c [V(G)]’ (edge set). H is a subgraph of G (H&G) if V(H)c I’(G) 
and E(H) c E(G). H is a restriction or an induced subgraph if H is a sub- 
graph such that E(H) = [V(H)]’ n E(G). For A c V(G) we denote by G 1 A 
the restriction of G to the set A. If B is any set, and H any graph, we define 
G-B:=GI(V(G)-B) and G-H:=G-V(H). The union of a family 
(Gi)iS, of graphs is the graph G := Ui,,Gj given by V(G)= lJj,, Y(G,) and 
E(G) = U iC, E(G,). The intersection is defined similarly. If H is a subgraph 
of G, and X a subgraph of G - H, the boundary of H with X is the set 
g(H,X):= {x~ V(H): (x, y}eE(G) for some YE V(X)). The set of 
components of G is denoted by @&, and if s is a vertex, then %?Jx) is the 
component of G containing x. A path W := (x”, . . . . x,) is a graph with 
V(W) = .(X& . ..) .Y ,,), xi#.u, if i#j, and E(W)=((.r,,.u,+,):O~i<n). A 
raq’ or one-way infinite path R := (x,, x,, . ..). and a double ray or two-way 
infinite path D := (..., .L,, x0, x,, . ..) are defined similarly. A path 
(x,, . . . . .Y~) is called an x,x,-path. For A, B s V(G), an AB-path of G is an 
.uql-path of G whose only vertices in A u B are .Y and v, with .Y E A and 
y E B. 
0.3. The ends of a graph G (this concept was introduced by 
Freudenthal [l] and independently by Halin [2]) are the classes of the 
equivalence relation - G defined on the set of all rays of G by R -G R’ if 
and only if there is a ray R” whose intersections with R and R’ are infinite; 
or- equivalently if and only if %YGPs(R) = %‘o ,J R’) for any SE [V(G)] <“I 
(where %& .(R) denotes the component of G - S containing a subray of 
R). We will use the following notations: 
- if R is a ray of G, then [R]o is the class of R modulo - c; ; 
- I(G) is the set of all ends of G; 
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- if H is a subgraph of G, then Z,(G) is the set of ends of G having 
rays of H as elements; 
- if t~2(G) and SE [V(G)]““, then +I&- S(t) is the component of 
G - S containing a ray in r; 
- if D is a double ray consisting of the union of two rays R and R’, 
and if SE [V(G)]““, then VGP,(D) :=%‘oP,(R)u%‘~_,(R’); 
if TEE then V,:= {XE V(G):xg V(%&,(z)) for any SE 
[V(G& {x)-J’“}. 
0.4. For every SE [ V(G)] cw we denote by S* the equivalence relation 
on Z(G) defined by 
(T, T’) E s* if and only if %?G-s(r)=%G-s(t’). 
The family (S*),, cc.CcI,<C8, is a base of a Hausdorff uniformity on 2(G) 
(see [S]). We will assume that, throughout this paper, the end set X(G) of 
a graph is endowed with the topology induced by this uniformity, i.e., the 
topology such that, for every end z, the family (S*(t)),, cVCcI,<~U is a local 
basis at the point r. This topology was introduced by Jung [4]. For any 
A s 2(G) we will denote by A the closure of A for this topology. 
0.5. An infinite subset S of V(G) is concentrated in G if it has the 
following equivalent properties [S, Theorem 3.53: 
(i) there is an end z such that S- V(C&&)) is finite for any 
FE [V(G)] <w (S is said to be “concentrated in 3’); 
(ii) for all T, UE [S]““, there is an infinite family of pairwise 
disjoint TU-paths in G. 
0.6. PROPOSITION. Let A E 2(G) and S c V(G). The following properties 
are equivalent: 
(i) for every z E A there is an FE [V(G)] <W such that Sn 
w%-.(T)) = Izr; 
(ii) S has no subset concentrated in some end T E A. 
This is obvious by the definition in 0.5. 
0.7. DEFINITION. Let As%(G). A subset S of V(G) is said to be 
A-dispersed if it satisfies the conditions of Proposition 0.6. 
We shall denote by D(A) the set of all A-dispersed subsets of V(G); and 
if A = Z(G), we write D(G) for D@(G)), and we will say dispersed for 
Z(G)-dispersed (see [6, 6.11). Notice that every finite set of vertices is 
dispersed. 
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0.8. A multi-ending of a graph G is an induced subgraph M of G 
satisfying: 
(M 1) M is connected; 
(M2) the boundary of M with every component of G - A4 is finite; 
(M3) any infinite subset of V(M) which is concentrated in G is also 
concentrated in M; 
(M4) M contains a ray. 
0.9. PROPOSITION [7, 2.81. Let G be a connected graph. For any non- 
empty subset A qf 2(G), there is a multi-ending M of G such that 
A = Z,(G). 
0.10. PROPOSITION [S, 3.101. Let ~EI(G) and SC V(G) be such that 
S n V(%&.(r)) # Iz, for any finite subset F of vertices. Then there is an 
infinite subset S’ of S which is concentrated in T. 
0.11. PROPOSITION. Let AZ%(G), SED(A), and e(S):= {se%(G): 
there is a subset of S which is concentrated in 5). Then d(S) is closed and 
disjoint from A. 
Proof: (a) We first prove that e(S) is closed. Let rod. Then for 
any FE [ V(G)] <w, there is z’~e(S) such that %?G--F(t)=%?GpF(r’), hence 
Sn V(%?opf(t)) # 0. The result is then a consequence of 0.10. 
(b) We now prove that 0(S) n A = 0. Let T E A. Since S is A-dis- 
persed, there is FE [ V(G)] <‘* such that Sn V(%& F(r)) = 0. Thus, for 
any r’~e(S), %G--F(t)#%G--F(r’), since Sn V(%Gpfi-(?))#@. Hence 
s#Q(S). I 
0.12. DEFINITION. Let A c ‘I(G). SE D(A) is finitary if, for any r E A, 
there is a finite subset F of S such that %& JT) = $~‘~-~(r). 
0.13. PROPOSITION. For any SE D(A) there is a finitary TE D(A) which 
contains S. 
ProoJ: This is Proposition 6.5 of [6] if S is dispersed. Suppose that S 
is not dispersed. Then, since e(S) is closed, there is, by Proposition 0.9, a 
multi-ending M of G such that Z,(G) = Q(S). Let %? be the set of com- 
ponents of G - M containing an element of S. For XE % let Fx := B(M, X) 
and S, := S n V(X). Then, since 2,(G) = (3(S) is closed, and since F.y is 
finite, the set S,Yu Fx is dispersed in G, and a fortiori in X. Hence, by the 
first part, there is a linitary dispersed set & of X containing S,Y u F,y. Note 
that, by the finiteness of F,., the set Sx is also dispersed in G. 
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Let S’ := V(M) u ux. V Sy. By the definition of M, for any z E A, there 
is a component X of G - M such that T E 2,(G). Thus, by the definition of 
s’, if X$ ‘%?, then X is a component of G - s’ and a(G / s’, X) = @(M, X) 
is finite; and if XE%?, then there is a component Y of X- Sy, thus of 
G - S’, such that z E 2 ,(G) and 5?(G 1 S’, Y) = g(X[ SV, Y) is finite. There- 
fore S’ is a finitary A-dispersed set of G containing S. 1 
From now on, A and B will be two subsets of the end set of some 
graph G. 
1. SEPARATORS 
1.1. We set 
and 
sep(A, B) :=inf{lSl: SESEP(A, B)}. 
The elements of SEP(A, B) will be said to separate A from B, and will 
be called AB-separators. Obviously SE D(A u B) is an AB-separator if and 
only if S meets every double ray W consisting of a ray W, E U A and a ray 
WS~lJ B. 
1.2. THEOREM. SEP(A, B) # 0 if and only if A n B = 2 n B = 0. 
Proof: Suppose A n B # 0 and let z E A n B. If SE D(A u B) then there 
is FE [V(G)]“” such that Sn V(VGp I;(r)) = 0. But r E B implies 
%? o _ Jr) = %& _ F(t’) for some T’ E B. Hence S 4 SEP( A, B). The same result 
is obtained if An B # 0. 
Conversely suppose A n B = A n B = 0. Since A is closed there is, 
by Proposition 0.9, a multi-ending H of G with 2,(G) = A. Let 
s := UTEB &S(H, %ZG _ H(z)). Obviously SE D(B) since B n A = 0. Suppose 
S 4 D(A). Then there is an infinite subset of S which is concentrated in 
some end r E A. But since a( H, %& ~ "(7')) is finite for any r’ E B, we have 
then r E B, a contradiction with A n B = 0. Thus SE D(A u B). Therefore 
S is an AB-separator, since 2,(G) = A. 1 
- - 
1.3. PROPOSITION. SEP(A, B) = SEP( A, B) n D(A u B). 
-- 
Proof. Any AB-separator is obviously an AB-separator. Suppose -- 
now that an Au B-dispersed set S is not an AB-separator. Then there 
is (z,, zg) E Ax B which are not separated by S. But since, by 1.2, 
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S cannot separate z,., from A, and zg from B, there is (r, t’) E A x B 
with %-, (7) = %$ .- .Y(rA) = %& ~ s(rB) = V& - .V(r’), which proves that 
S$ SEP(A, B). 1 
1.4. PROPOSITION. The poset (SEP(A, B), 1) is inductioe. 
Proof: Let 9 be a decreasing chain of SEP(A, B), and let S := n Y. 
For any double ray W consisting of a ray W, E U A and a ray WB~ U B, 
and for any TE Y’, the set Tn V(W) is finite since T is A u B-dispersed, 
and non-empty since T separates A from B. Thus Sn V( W) is itself 
non-empty. Hence SE SEP(A, B). 1 
2. PATHS 
2.1. DEFINITION. Let r0 and ti be two distinct ends of G. A t,t,-path is 
a finite or infinite path (ray or double ray) W of G such that: (a) if W is 
a double ray then W=R,uR, with R;Ez; for i=O, 1; (b)if W is a ray 
(-%, XI 3 ‘.. )then W~riforsomei~{O,l)andx,~V,,~,;(c)ifWisapath 
(X 0, . . . . x,) then x0 E V,, and x,, E V,, _, for some i E { 0, 1). 
2.2. For A, BG 2(G) with A n B = @ we call AB-path any r,,t.-path 
with (tA, ta) E A x B; and we denote by DISJ(A, B) the set of all sets of 
pairwise disjoint A&paths. Finally we set 
disj(A, B) :==sup(I9,I: .9iDISJ(A, B)). 
2.3. Remark. Notice that these concepts are different from those 
defined in [S, 4.11 since, in this paper, an A,A,-path is a finite or infinite 
path W of G such that, for i = 0, 1, there is a ray R, c W with [RilG E A,, 
or there is a vertex x E V( W) with x E IJ, E A, V(‘%& ~ s(r)) for any finite sub- 
set S of V(G)- (. Y), and which is minimal with respect to inclusion. 
But it is clear that, if A, B, and sep(A, B) are finite, then any A&path 
as defined in [S, 4.11 is an A&path as defined in 2.2. This remark will be 
used in the proof of Theorem 3.3. 
2.4. THEOREM. If” A n B= An B = 0, then there is a set of pairwise 
disjoint AB-paths of cardinality disj(A, B). Furthermore ifdisj(A, B) is infinite, 
then every maximal element of DISJ(A, B) (with respect to inclusion) is of 
maximum cardinality. 
Proof. This is obvious when disj(A, B) is finite, and when it is 
uncountable since every AB-path is countable. 
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Suppose that disj(A, B) = CO, and let 9 be a maximal element of 
DISJ(A, B). Assume 191 CO. Then, since disj(A, B)=o and since 9 is 
maximal with respect to inclusion, 9 has an infinite element containing a 
ray R such that, for any positive integer n, there is a 9n E DISJ(A, B) with 
lgn,l an and WnR#@ for all WEE,,,. Thus [R]G~(,4uB)n(,?n&, a 
contradiction with A n B = An B = @. Hence 191 = CO. 1 
3 
We will now prove the principal result of this paper; but for that we need 
a lemma, in order to use a particular case of Theorem 4.7 of [S], which we 
first recall: 
3.1 (see [S, 4.71). Zf A and B are two subsets of X(G) such that 
sep(A, B) is finite, then the maximum number of pairwise disjoint AB-paths 
(us defined in 2.3) is equal to sep(A, B). 
3.2. Let S be a finite subset of V(G), and A a subset of 2(G). The set 
S will be said minimum for A if, for any Tz V(G) with I TI < ISI, there is 
r E A such that Sn V(%$ _ T (5)) # 0. 
3.3. LEMMA. SE [V(G)]'" is minimum for A c ‘X(G) if and only if it is 
minimum for some finite subset B of A. 
Proof: We have only to prove the necessity. Suppose that S is minimum 
for A. For any Bs A denote by 9(B) the subset of P( V(G)) such that 
FEN if and only if SnlJ,.. V(%G--F(r)) = 0 and its cardinality is 
minimum with respect to this property. And let f(B) be the common power 
of every element of 9(B). We have f(A) = ISI since S is minimum for A. 
Assume that f(B) < ISI for any B E [A] <,; and let n := 
sup{f(B): BE [A]‘“} < ISl. Let BE [A]‘” be such that f(B)=n, 
and FES(B). By Menger’s theorem there is a set 9 of pairwise disjoint 
FS-paths with 191 = n. For any B’ E [A] <” with B’ z B, since 
f(B’)=f(B)=n, there is clearly an F’E~(B’)E~(B) with F’s V(u 9). 
Hence, since every path in 9 is finite and (91 = n is also finite, there must 
be an F* c V(U 9) meeting every WE 9 in exactly one vertex, such that 
F* E 9(B’) for any finite subset B’ of A containing B. Hence F* E 9(A), 
a contradiction with IF*1 = n < ISI = f(A). i 
3.4. THEOREM. Let A, BE Y(G) be such that A n B= A n B = 0. Then 
disj( A, B) = sep( A, B). 
Proof: (a) Let S be an AB-separator, and W be an AB-path. Suppose 
that V(W) n S= 0. Then, by 1.1, W is not a double ray. Thus it has at 
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least an endpoint I which belongs to V, for some r E A u B such that, by 
the definitions of V, and of an AB-separator, there is an infinite set of 
pairwise internally disjoint rays in r originating at x and meeting S. But 
this implies that S has an infinite subset which is concentrated in T, a 
contradiction with SE D(A u B). Hence disj(A, B) d sep(A, B). 
(b) We first prove that if disj(A, B) is finite then so is sep(A, B), and 
if disj(A, B) is infinite then disj(A, B) = sep(A, B). 
Let 9 E DISJ(A, B) be of maximum cardinality and maximal with 
respect to inclusion; and let S be a linitary AB-separator. For any WE 9 
we define 
Tw.:= v(w) 1 
if W is finite 
~(GIS,~~~.(W))u(V(W)- I’M--.(W)) if W is infinite. 
This set is finite since S is linitary; besides any AB-path meeting W has 
vertices in T,. 
Hence the set T := U wE 9 T, is A u B-dispersed since so is S, and meets 
every AB-path by the maximality of 9. Therefore T is an AB-separator 
which is finite if so is 9, and of the power of 9 otherwise. 
(c) It remains to prove that the equality disj(A, B) = sep(A, B) holds 
when disj(A, B) is finite, that is, by (a), when sep(A, B) is finite. Let S be 
an AB-separator of minimum cardinaiity. S is then minimum for A and for 
B. Thus, by Lemma 3.3, there are finite subsets A’ of A, and B’ of B, such 
that S is minimum for A’ and for B’, that is, S is an A’B’-separator of mini- 
mum cardinality. Therefore, by the remark we made in 2.3 and by 3.1, 
sep( A, B) = sep( A’, B’) = disj( A’, B’) < disj( A, B). And this completes the 
proof. 1 
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